In this short note we answer to a question of group theory from [2] . In that paper the author describes the set of realizable Steinitz classes for so-called A ′ -groups of odd order, obtained iterating some direct and semidirect products. It is clear from the definition that A ′ -groups are solvable A-groups, but the author left as an open question whether the converse is true. In this note we prove the converse when only two prime numbers divide the order of the group, but we show it to be false in general, producing a family of counterexamples which are metabelian and with exactly three primes dividing the order. Steinitz classes which are realizable for such groups in the family are computed and verified to form a group.
Introduction
Let K/k be an extension of number fields with rings of integers O K and O k respectively. Then there exists an ideal I of O k such that
as O k -modules and the ideal I is determined up to principal ideals. Its class in the ideal class group Cl(O k ) of O k is called the Steinitz class of the extension and is denoted by st(K/k). For a fixed number field k and a finite group G one can consider the set of classes which arise as Steinitz classes of tame Galois extensions with Galois group G, i.e. the set R t (k, G) = {x ∈ Cl(k) : ∃K/k tame Galois, Gal(K/k) ∼ = G, st(K/k) = x}.
A description of R t (k, G) is not known in general, but there are a lot of results for some particular groups. These results lead to the conjecture that R t (k, G) is always a subgroup of the ideal class group, which however has not been proved in general. In [2] the author defines A ′ -groups in the following way and proves the above conjecture for all A ′ -groups of odd order. Definition 1.1. We define A ′ -groups inductively:
(1) Finite abelian groups are A ′ -groups. (2) If G is an A ′ -group and H is finite abelian of order prime to that of G, then
Clearly (see [2, Proposition 1.2]) every A ′ -group is a solvable A-group, while it was asked whether the converse is true. In this short note we find a family of counterexamples for this. In the last section we show how the techniques from [2] can be applied also to the calculation of the realizable Steinitz classes for these groups, showing in particular that R t (k, G) is still a subgroup of the ideal class group, confirming the general conjecture. We will consider the unique subgroup
′ and we will show it to be normal in G. Further by Schur-Zassenhaus Theorem it is an A ′ -group, being the semidirect product of an abelian q-group by an abelian p-group. Constructing analogously K q , with p an q flipped, we have that K p ∩ K q = 1, while K p K q is all of G, so K p and K q are direct factors of G, since they are normal. Therefore G is isomorphic to K p × K q and consequently G is an A ′ -group by rule 3. To construct K p let's quotient out the q-Sylow S q of G ′ , obtaining the group G = G/S q . Its p-Sylow,P say, is clearly normal being the inverse image of the p-Sylow of G/G ′ , which is a p-group since we killed all the q-part of G ′ . So we have the exact sequence 1 →P →G →G/P → 1, and furthermoreG ′ is equal to G ′ /S q being S q ⊆ G ′ , and is contained inP being G/P abelian. NowG ′ has a complementary factor inP which is invariant under the action by conjugation of the q-groupG/P by [3, Theorem 2.3, Chap. 5], so let's assumẽ P =G ′ × F p say. Clearly F p is a p-group which is normal inG, and
For any triple p, q, r of distinct primes we construct now a counterexample which is a metabelian group. For any integer n let C n be the cyclic group on n elements.
Let a, b be integers such that
or equivalently such that ord We define
C r , where C r acts on H i via ρ i , for i = 1, 2.
Proposition 2.2. G is a metabelian A-group which is not an
To show that G cannot be obtained applying rule 2 in the inductive definition of the A ′ -groups we prove that no Sylow subgroup is normal. Since (r, p) = 1, a p-Sylow P is contained in H 1 × H 2 , and if normal then H 2 ∩ P would be normal in H 2 too, but C p in F + q b ⋊ C p is clearly not normal or it would be complemented by the normal subgroup F + q b and H 2 would be abelian, which is not the case. The same holds for the q-Sylow of H 1 , and similarly C r cannot be normal unless G = (H 1 × H 2 ) × C r and all elements of order r would be contained in the center of G, which is not the case.
To conclude we just need to show that G is not a direct product, so it also cannot be obtained applying rule 3. Suppose G = G 1 × G 2 , then exactly one of G 1 , G 2 has order divisible by r, so assume r | |G 1 |, and we have that G 1 contains all r-Sylow subgroups, so in particular C r ⊂ G 1 . Then G 2 is contained in the centralizer of C r , that considering the definition of G we can see to be equal to C p × C q × C r . But r ∤ |G 2 |, and if p | G 2 we would have C p ⊂ G 2 and C p would be the p-Sylow, and hence a characteristic subgroup, of G 2 , and consequently normal in G, which is absurd. Since we can prove similarly that q ∤ |G 2 | we obtain G 2 = 1.
We remark that some of the smallest counterexamples are those obtained putting the (p, q, r; a, b) equal to (5, 2, 3; 2, 4) and (13, 3, 2; 1, 3). The groups produced have orders respectively 12000 and 27378, and are already a bit too far away to be found in a brute-force computer search, as was performed by the author of [2] .
Note that we have the exact sequence
, we prove now a Lemma which will be of use later. Lemma 2.3. Every group fitting as central term in the above exact sequence, with the given action of the quotient on the kernel, is uniquely determined. Proof. Indeed, let H be the subgroup of index r of G which is the preimage of C q × H 2 in G. Note that the p-Sylow of H is abelian being C p cyclic and with trivial action on F + p a , so H is an A-group and an A ′ -group by Proposition 2.1.
The group C q acts onto F + p a by conjugacy without fixed points except 0, and hence its preimage in G is a group whose derived subgroup is all of F + p a being a direct complement to 0 by [3, Theorem 2.3, Chap. 5], so we have
Consequently H ′ is the preimage of the derived subgroup of C q × H 2 , which is F
On the other hand the preimage of C q is isomorphic to the semidirect product F + p a ⋊ φ C q = H 1 by Schur-Zassenhaus Theorem, and is exactly the factor K q of Proposition 2.1 applied to H, because K q is characterized as the group having intersection with the derived subgroup H ′ which is its p-Sylow F + p a , and such that
Consequently the preimage of C q is a direct factor of H. Its complementary factor K p is isomorphic to H 2 , and mapped to H 2 in the exact sequence, so H is isomorphic to H 1 × H 2 . Since H is certainly complemented by Schur-Zassenhaus Theorem, and the H 1 and H 2 subgroups are produced in the proof of Proposition 2.1 in a canonical way so the decomposition is certainly C r -invariant, we have that G is isomorphic to H ⋊ ρ1,ρ2 C r , and it is the group we defined in the above construction.
Realizable Steinitz classes
A natural question that arises having constructed these solvable A-groups which are not A ′ -groups is whether the techniques of [2] can be used to compute the corresponding realizable Steinitz classes.
Since there are some complications in the case of groups of even order, we will assume that p, q, r are all odd prime numbers. Nevertheless we remark that, in the even case, for these particular groups it is possible to use the results in [1] to calculate the realizable Steinitz classes.
We will use the notation and the terminology from [2] . Clearly (C q × H 2 ) ⋊ C r is an A ′ -group of odd order and so by Theorem 3.23 we know that R t (k, (C q × H 2 ) ⋊ C r ) is a group and that (C q × H 2 ) ⋊ C r satisfies some other properties which are summarized in [ where the product runs over the set of primes which ramify in K/k, and so the second inclusion follows.
